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It is widely accepted that, in fluid flow and transport in fractured porous media,
there exists some degree of block-to-block interaction that may lead to capillary conti-
nuity. The formation of liquid bridges causing interaction between blocks will affect
oil recovery from naturally fractured reservoirs. However, the accurate modeling of
the growth and detachment of liquid bridges that may cause capillary continuity
between matrix blocks remains a controversial topic. In an attempt to improve our
understanding of the problem, a mechanistic model is developed in this work for the
formation of liquid bridges between porous blocks. The proposed model considers
growth and detachment of pendant liquid droplets perpendicular to the horizontal and
smooth fracture between porous matrix blocks. The liquid bridge model is then coupled
with various upscaled fracture capillary pressure models to study the liquid bridge for-
mation process. An expression is obtained that relates the commonly used fracture
capillary pressure to the critical length of the liquid element. Results based on various
fracture capillary pressure models reveal that the threshold Bond number is an impor-
tant parameter in the formation of liquid bridges. We introduce a simple mechanistic
model for the formation of liquid bridges in a horizontal fracture between two porous
blocks, advancing our understanding of the two-phase flow in fractured porous media.
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Introduction

Warren and Root1 developed an analytical solution for sin-
gle-phase, transient and radial flow in fractured porous media.
They also presented an equation for the shape factor for ma-
trix blocks within an orthogonal fracture system. Their double
porosity model assumes a continuous uniform fracture net-
work oriented parallel to the principal axis of the permeabil-

ity. The matrix blocks in this system occupy the same physi-
cal space as the fracture network, and are assumed to have no
communication between the matrix blocks.1 This assumption
is the main drawback in their theory; because, in reality, there
exists some degree of block-to-block interaction. The interac-
tion between the porous matrix blocks, which has a strong
effect on oil recovery as well as the oil flow rate in fractured
porous media, needs to be considered to have a reliable pre-
diction of the reservoir performance.2

Later, the single-block concept was introduced in the sim-
ulation of fractured petroleum reservoirs.3 The single-block
concept assumes that the matrix blocks drain independently;
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therefore, the performance of stack blocks is equal to the
performance of a single block multiplied by the number of
individual blocks. The interaction between matrix blocks has
been suggested by Saidi et al.3 They attributed the interac-
tion between porous matrix blocks to the reinfiltration pro-
cess and capillary continuity between the adjacent matrix
blocks through liquid bridges; however, the interaction
between the matrix blocks by reinfiltration was the major
theme of their study.3

Saidi2 assumed capillary discontinuity between a stack of
matrix blocks and argued that, if the fracture aperture is
about 50 lm or more, capillary continuity between a stack
of matrix blocks cannot be imagined. Saidi2 also argued that
capillary continuity between a stack of matrix blocks through
liquid bridges can be envisioned if the fracture aperture is
about 10 lm or less.2 Horie et al. experimentally showed
that if strong capillary continuity exists between the adjacent
matrix blocks, it makes an appreciable increase in the recov-
ery from fractured porous media.4

Firoozabadi and Hauge5 and Labastie6 have addressed the
challenges in accurate prediction of naturally fractured reser-
voirs performance. Firoozabadi and Markeset experimentally
showed that fracture-liquid transmissibility, incorporating
both fracture gas–oil capillary pressure and fracture-liquid rel-
ative permeability, causes the high liquid pressure drop across
the fractures.7 This pressure drop governs the liquid film flow
in a fracture between two matrix blocks, which significantly
affects the recovery from a stack of matrix blocks.7,8

Dindoruk and Firoozabadi, therefore, modeled liquid film
flow through a single liquid bridge using a boundary integral
method to find the relationship between fracture capillary
pressure, fracture-liquid permeability, and the shape of liquid
bridge.8 They concluded that the liquid bridge interface in a
horizontal fracture has a circular shape at small capillary
number.8 Later, Firoozabadi and Markeset demonstrated that
capillary continuity is maintained between two blocks, even
in the presence of partially impermeable spacers in the
fractures.9

Aspenes et al. used magnetic resonance imaging (MRI) to
monitor fluid saturation variations in both the matrix and the
fractures.10 They concluded that the size of the bridges is
controlled by the rock wettability and not by the pressure
difference applied across the fracture. In other words, they
found that wetting phase bridges establish the capillary con-
tinuity across the fracture between matrix blocks.10

Little attention has since been given on the formulation of
the formation, growth, and detachment of liquid bridges
causing capillary continuity between matrix blocks; and, this
problem still remains a controversial topic. This work is an
effort to improve our understanding of the conditions at
which a liquid bridge can be expected to form between two
porous matrix blocks.

Hoteit and Firoozabadi recently introduced a new
approach for the modeling of multi-phase flow in fractured
media.11,12 In this new method, the concept of dual-porosity
modeling has been put aside, due to its inherent limitations;
and, gravity and capillarity are accounted for both in the
fractures and matrix blocks using higher order numerical
schemes. In this approach, they used a discrete-fracture
model, where the fracture entities in the permeable media
are described explicitly in a computational grid.

To address the capillary pressure contrast and saturation
discontinuity in heterogeneous and fractured permeable
media, they proposed a new consistent formulation in three
dimensions, where the total velocity is expressed in terms of
the wetting phase potential gradient and the capillary poten-
tial gradient. In this formulation, the coefficient of the wet-
ting phase potential gradient is formulated in terms of the
total mobility, which is smoother than the wetting phase mo-
bility in the numerical modeling of two-phase immiscible
flow in heterogeneous permeable media.11,12

Naturally fractured reservoirs consist of two media,
namely a matrix with high storage volume and low perme-
ability; and a fracture with low storage volume and high per-
meability. Performance forecasting for such reservoirs
depends on the fracture system and the degree of block-to-
block interactions. When oil is draining from an upper block
into the lower fracture via an open face, it tends to flow
downwards in a liquid film along the outflow face of that
upper porous matrix block. When the film becomes
thick enough it tends to deform and gradually forms pendant
droplets.

In the case of a small fracture aperture, the surface of the
adjacent lower porous matrix block easily makes contact
with the droplets; and, a liquid bridge between two blocks is
formed, which may cause capillary continuity between the
upper and lower matrix blocks. This block-to-block continu-
ity is one of the main phenomena affecting the oil recovery
of naturally fractured reservoirs. On the other hand, if the
fracture aperture is greater than a critical value, oil moves
downward in the form of oil detached droplets or liquid
elements.2,13

The role of facture aperture size on the formation of liquid
bridges between porous matrix blocks in the presence of
fracture capillary pressure is, however, not well understood.

In this study, a mechanistic model for the growth and
detachment of a liquid element is developed to determine
the critical length of the detached liquid elements; and, the
formation of liquid bridges between porous matrix blocks is
investigated. This model is then coupled with various frac-
ture capillary pressure models to examine the interplay of
fracture capillary pressure and the block-to-block interaction
process. This simple mechanistic model improves our under-
standing of immiscible flow in naturally fractured reservoirs
within the conventional framework of dual porosity model-
ing of fluid flow in naturally fractured reservoirs.

Ghezzehei and Or and Or and Ghezzehei presented a
model for liquid fragmentation and intermittent flow regimes
inside inclined fractures for a given steady input flux.14,15

Although the developed model herein is primarily based on
the approach of Ghezzehei and Or,14 the conditions consid-
ered in this study are completely different from those studied
by Ghezzehei and Or.14 In our work, the formation, growth,
and detachment of liquid elements are considered to be per-
pendicular to the horizontal fracture between matrix blocks
with a constantly fed flux from the upper porous matrix
block, whereas Ghezzehei and Or14 modeled the liquid
bridges along the inclined fractures, especially vertical ones,
with a steadily fed flux along the fracture.

Ghezzehei and Or14 and Or and Ghezzehei15 have shown
that the traveling velocity and distance, due to the formation
of discrete liquid elements, are considerably higher than
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those due to continuum liquid film flow on both fracture
walls. In addition, the primary focus of the Ghezzehei and
Or14 and Or and Ghezzehei15 investigations was to study the
potential for more rapid arrival times of pollutant carried
along the fracture with discrete liquid bridges.

Our focal point, on the other hand, is the study of the
potential for formation of liquid bridges, which may affect
the mass transport mechanisms from a stack of blocks. Liq-
uid bridges can strongly influence the two-phase gas–liquid
flow in fractured porous media and affect capillary continu-
ity. They may also have a major role in establishing the
paths for the flow of drained oil through the horizontal frac-
tures and, thus, oil recovery. Therefore, the creation of liquid
bridges between porous matrix blocks becomes an important
factor in oil production by gravity drainage. The formation
of capillary continuity between blocks is related to the length
of detached liquid elements, and the parameters that influ-
ence this length are investigated.

In the following section, we present the theoretical consid-
erations of the formation, growth, and detachment of liquid
elements.

Theoretical Modeling

This section describes a conceptual model for the elonga-
tion and subsequent breakup of a liquid element suspended
from a horizontal surface beneath a porous matrix block.
First, the Bond number and its critical value, after which the
liquid element base diameter remains fixed and elongation
occurs, is defined for liquid elements that are suspended ver-
tically from the surface. The dynamics of liquid element
elongation and breakup are described in the following sub-
sections, using Wilson’s one-dimensional viscous extension
model. This model is then generalized to account for the
dynamic capillary pressure effect.

Fundamental concepts

Let us assume a droplet is attached to a horizontal surface
underneath a porous matrix block, as shown in Figure 1. A
useful scaling of the importance of the gravitational force
relative to the capillary force acting on the liquid element is
known by the dimensionless Bond number given by:

Bo ¼ qgr2

r cos h
(1)

where r is the surface tension of the liquid–gas interface, h is
the dynamic contact angle, q is the liquid density, g is the
gravitational acceleration, and r is the radius of the
semicircular liquid element.

The dynamic Bond number varies with time until it
reaches a threshold value. The threshold Bond number, B�

o,
of the liquid element, after which its base diameter (d0)
remains constant and elongation begins, can be defined as14:

B�
o ¼

qgr20
r

: (2)

The dynamic contact angle controls the early growth of
the suspended droplet. Ghezzehei and Or14 matched the
diameters calculated at different conditions for the flow of
traveling liquid elements along the inclined fractures with
the measured values from experiments. With such experi-
mental measurements, they obtained an estimation of the
threshold Bond number: B�

o ¼ 0:05 for an air–water sys-
tem.14 A similar order of the threshold Bond number was
identified in the experiments of Prazak et al., giving rise to
an intermittent flow regime in packs of coarse sand.16

The dynamic contact angle is given by the so-called Hoff-
man-Voinov-Tanner law for small capillary numbers by17–19:

h ffi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h3e þ cTCa

3

q
(3)

where

Ca ¼ lU0

r
(4)

and is the capillary number; l is the liquid viscosity; U0 is the
interface velocity; he is the static (equilibrium) contact angle;
and CT is a numerical coefficient, which was given by
Hoffman17 to be about 72, with some dependence on the flow
system size.17–19 The dynamic contact angle controls the early
development and shape of the interface. The static contact angle
can be considered as zero for a strong wetting liquid, and the
dynamic contact angle can be approximated by h ¼ (cTCa)

1/3.
In the following subsections, we model the elongation and

subsequent breakup of an incompressible liquid element.
First, the one-dimensional model of Wilson20 is used to
obtain a relationship for the critical length of an elongated
liquid element at the breakup. A more generalized form of
the elongation model is then presented by incorporation of
the dynamic capillary pressure for a suspended liquid ele-
ment from a horizontal surface.

Extension and detachment of a free liquid element

We are primarily interested in the elongation and subse-
quent breakup of a liquid element suspended from a horizon-
tal surface, which is bounded by curved gas–liquid interfa-
ces. We assume that the associated Bond number is larger
than the threshold Bond number, B�

o, after which the base di-
ameter remains constant. The dynamic contact angle is im-
portant during the early growth of the liquid element, and its
effect is discussed in the next subsection.

We assume an axisymmetric circular element of an incom-
pressible and Newtonian fluid extruded from a feeding spot,

Figure 1. Growth and elongation of a liquid element
attached to a feeding spot in which the Bond
number increases with time.14

The liquid element begins to elongate when Bo > B�
o.
14
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as shown in Figure 2. The liquid element has a cross-sec-
tional area, A, and is fed by a steady volumetric flux, Q,
from the top. It is convenient to use a Lagrangian coordinate
system, where the emerging fluid particles are marked by
time, s, at the present time, t, in which 0 � s � t. Under
such a condition, s ¼ 0 corresponds to bottom end of the
liquid element, and s ¼ t is the location of the liquid particle
emerging at the present time. Assuming Z(s,t) is the distance
below the feed point of the dripping liquid element, a mass
balance between s and s þ Ds in a Lagrangian coordinate
system gives20:

A
@Z

@s
¼ �Q: (5)

Using the mass balance given by Eq. 5, a force balance
on the liquid element gives20:

� 3l
1

A

@A

@t
þ r

r

� �
Aþ 2prr ¼ qgQs (6)

where �(3lqA/qtþrA/r) is the net longitudinal force, 2prr is
the surface tension force, and qgQs is the gravity force.20 The
parameter 3l is the elongational viscosity or the Trouton
expression, which is three times the shear viscosity for a
Newtonian fluid; and, the term rA/r includes the surface
tension effect as a source of stress on the liquid element.20–22

The detailed analytical solution to the above equation is
reported by Wilson,20 as described in the Appendix.

In the following subsection, we use this solution to find
the critical length of the liquid element for our application
of interest.

When the liquid element is unable to support its own
weight, a narrow neck forms and eventually breaks, releasing
a liquid droplet. The liquid element in this condition is
called the critical liquid element, sc. The dimensionless form
of sc is given by20:

sDc ¼ 2

d
sDc
3d

ln
sDc � 3d

sDc

� �
þ sDc
sDc � 3d

� �
(7)

where tD ¼ t/(lA0/qgQ)
1/2, sD ¼ s/(lA0/qgQ)

1/2, AD ¼ A/A0,
and d ¼ (p/9lqgQ)1/2, as defined by Wilson.20 The

dimensionless parameter, d, can be expressed as a function
of system dimensionless numbers as given by:

d ¼ 1

3
ðB�

oCaÞ�1=2: (8)

If we substitute for sDc given by Eq. 7 into Eq. A4 of the
Appendix, the following relationship can be obtained
between sDc and sDc:

sDc ¼ 6

tDc
þ 3d: (9)

The critical time given by Eq. 7 is an implicit function of
d and cannot be used directly in the analysis that follows.
Therefore, one needs to solve the nonlinear equation to find
the behavior of sDc as a function of the dimensionless group
d. For our application of interest, d is larger than one and
can be approximated as:

sDc � 3dþ 1 for d > 1: (10)

Figure 3 shows sDc as a function of d, as compared with
the exact form of Eq. 7. Using the dimensional parameters
defined, the dimensional form of sDc is given by:

sc � lA0

qgQ

� �1=2

1þ 3r
p

9lqgQ

� �1=2
" #

: (11)

The mass of the detached liquid element can be calculated
by Mc ¼ qQsc, that is,

Mc � qQ
lA0

qgQ

� �1=2

1þ 3r
p

9lqgQ

� �1=2
" #

: (12)

Assuming a cylindrical liquid element with an average
cross-sectional area of A � pr20, the mass of the liquid

Figure 2. Wilson approach to model extension and
detachment of a free liquid element.20

Figure 3. Comparison between exact and approximate
solutions for sDc vs. d (Eqs. 7 and 10, respec-
tively).
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element can be expressed by Mc ¼ qlcpr20. Using Eq. 12, we
can estimate the dimensionless critical length of the liquid
element, lD ¼ lc/r0, by:

lD � 1

B�
o

½1þ ffiffiffiffiffiffiffiffiffiffiffi
B�
oCa

p �: (13)

Figure 4 shows the critical dimensionless length of the liq-
uid element, as a function of the capillary and the threshold
Bond numbers. The results reveal the critical length of the
liquid element is nearly independent of the capillary number
for Ca\� 0.1. On the basis of capillary-controlled displace-
ments, viscous forces are considered to be negligible, that is,
Ca \10�6.23–28 Also, the threshold Bond number has an ap-
proximate value of 0.0125–0.05.14,16 For the application of
interest, the dimensionless group B�

oCa is, therefore, usually
much smaller than one (B�

oCa\5� 10�8); thus, ðB�
oCaÞ1=21

(or d 	 1), and it is possible to approximate the critical
length of the detached liquid element by lD ¼ 1=B�

o.
In this section, we have ignored the effect of dynamic

capillary pressure during the elongation and subsequent
detachment of the liquid element. In the following subsec-
tion, a generalized model is presented where the effect
dynamic capillary pressure is included; and, the results are
compared with those of the former case.

Generalized form of the extension and
detachment model

In the absence of surface tension forces, the governing
equation for elongation of the suspended liquid element can
be expressed by14,20:

� 3l
@Aðs; tÞ

@t
¼ qgQs: (14)

This equation implies that the cross-sectional area of the
liquid elements contracts at a rate proportional to the weight

of liquid element, qgQs. An important force associated with
surface tension, which balances part of the liquid element
weight, is the force resulting from the capillary pressure.
Using this notion, Ghezzehei and Or generalized Wilson’s20

viscous elongation model (Eq. 14) to take into account the
capillary forces, to study the liquid fragmentation within ver-
tical and inclined fractures.14 We use a similar concept and
incorporate capillary pressure forces to generalize the base
viscous elongation model (Eq. 14) for our application of in-
terest. This model is then used to investigate the effect of
dynamic capillary pressure on the elongation and subsequent
detachment of a liquid element suspended from a horizontal
plane.

The static and dynamic capillary pressure forces can be
represented by pcs ¼ 2r/r and pcd � (r/r)Ca2/3, respec-
tively.29–31 The experimental data of Weitz et al.29 shows a
scaling in the form of pcd � Ca0.5
0.1 for the dynamic capil-
lary pressure in porous media. In the following analysis, we
use a similar scaling to account for the dynamic character of
the capillary forces. Applying the static and dynamic capil-
lary pressure contributions in the force balance of Eq. 14,
we obtain:

� 3l
@Aðs; tÞ

@t
� rAðs; tÞ

r
þ 2prrþ rAðs; tÞ

r
bCa2=3 ¼ qgQs:

(15)

Using the previously defined dimensionless variables and
simplifying, results in:

@AD

@tD
� dð1þ bCa2=3Þ

ffiffiffiffiffiffi
AD

p
¼ � 1

3
sD (16)

where tD ¼ t/(lA0/qgQ)
1/2, tD ¼ s/(lA0/qgQ)

1/2, AD ¼ A/A0, d
¼ r(p/9lqgQ)1/2, and b is a constant of the order of 10 for a
sliding liquid slug in a capillary tube.

Equation 16 is similar to Eq. A1, presented in the Appen-
dix, given by Wilson20 for the slow dripping of a viscous
liquid with an extra term, bCa2/3, to account for the dynamic
behavior of the capillary pressure. The related initial condi-
tion in dimensionless form is similar to the previous case, as
given by:

AD ¼ 1 @ tD ¼ sD: (17)

The analytical solution for the differential equation given
by Eq. 16, subject to the initial condition (Eq. 17), is given
by:

tD ¼ sD þ 2

dð1þ bCa2=3Þ

"
A
1=2
D � 1þ sD

3dð1þ bCa2=3Þ

ln
3dð1þ bCa2=3ÞA1=2

D � sD
3dð1þ bCa2=3Þ � sD

 !#
: ð18Þ

If we put AD ¼ 0, it is possible to find a relation between
tD and sD when the cross-sectional area approaches zero.
Using the critical values for tD and sD, we have:

Figure 4. The critical dimensionless length of the liquid
element as a function of the capillary number
for different values of the threshold Bond
number (Eq. 13).
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tDc ¼ sDc � 2

dð1þ bCa2=3Þ

"
1þ sDc

3dð1þ bCa2=3Þ

ln
sDc � 3dð1þ bCa2=3Þ

sDc

� �#
: ð19Þ

For a constantly fed flux from the top and an incompressi-
ble liquid, when the cross-sectional area goes to zero, its
length approaches infinity, suggesting that the velocity of a
liquid particle, dsDc/dtDc goes to infinity. Therefore, we can
write:

dtDc
dsDc

¼ 1� 2

dð1þ bCa2=3Þ

"
1

3dð1þ bCa2=3Þ

ln
sDc � 3dð1þ bCa2=3Þ

sDc

� �
þ 1

sDc � 3dð1þ bCa2=3Þ

#
¼ 0:

ð20Þ

Solving this equation results in a relationship between sDc
and d:

sDc ¼ 2

dð1þ bCa2=3Þ

"
sDc

3dð1þ bCa2=3Þ

ln
sDc � 3dð1þ bCa2=3Þ

sDc

� �
þ sDc
sDc � 3dð1þ bCa2=3Þ

#
: ð21Þ

If we back substitute for sDc given by Eq. 21 into Eq. 19,
the following relationship can be obtained relating sDc and
tDc:

sDc ¼ 6

tDc
þ 3dð1þ bCa2=3Þ: (22)

Similar to the previous case without the dynamic capillary
effect, Eq. 21 shows that the critical time and the dimension-
less group, d(1 þ bCa2/3), are related in an implicit fashion
and cannot be used directly. Therefore, one needs to solve
nonlinear Eq. 21 to find the behavior of sDc as a function of
the dimensionless group. Again, it is more suitable to ap-
proximate Eq. 21 for large values of d as in the application
of our interest:

sDc � 1þ 3dð1þ bCa2=3Þ for dð1þ bCa2=3Þ > 1: (23)

The mass of the detached liquid element (Mc ¼ qQsc) can
be obtained by:

Mc � qQ
lA0

qgQ

� �1=2

1þ 3r
p

9lqgQ

� �1=2

ð1þ bCa2=3Þ
" #

:

(24)

A comparison of Eqs. 24 and 12 reveals that the dynamic
capillary pressure adjusts the mass of the detached liquid

element. Assuming a cylindrical liquid element with an aver-
age cross-sectional area of A � pr20, the mass of the
detached liquid element can be expressed by Mc ¼ qlcpr20;
and, the dimensionless critical length of the liquid element,
lD ¼ lc/r0, is given by:

lD � 1

B�
o

½1þ ffiffiffiffiffiffiffiffiffiffiffi
B�
oCa

p þ bCa2=3�: (25)

Figure 5 shows the critical dimensionless length of the liq-
uid element as a function of the capillary and Bond numbers
(solid lines). For comparison, this figure also illustrates the
results of the previous case, which did not take into consid-
eration the dynamic capillary effect (dashed lines). The
results show that, as anticipated, for a particular capillary
number, by increasing the threshold Bond number, the length
of the detached liquid element decreases. In addition, for a
specific threshold Bond number, the critical dimensionless
liquid element length increases by increasing the capillary
number.

The results demonstrate that the critical length of the
detached liquid element is nearly independent of the capil-
lary number for Ca \� 10�4, as opposed to Ca \� 0.1
without the effect of the dynamic capillary pressure. Further-
more, at large capillary numbers, the dynamic capillary pres-
sure effect can support the mass of a larger liquid element,
as compared with the previous case where this effect was
ignored.

Similar to the previous case for a capillary dominated sys-
tem (Ca \ 10�6),23–28 the dimensionless group, B�

oCa, is
usually much smaller than one (B�

oCa\5� 10�8). There-
fore, for such a system, ðB�

oCaÞ1=2 þ bCa2=3\\1, and we
may obtain a fairly accurate critical length of the detached
liquid element by using lD ¼ 1=B�

o. Ghezzehei and Or14 used
the dynamic capillary model of Bico and Quere31 to include
the force related to dynamic contact angle into their

Figure 5. The critical dimensionless length of the liquid
element as a function of the capillary number
for different values of the threshold Bond
number (Eq. 25, solid lines).

Dashed lines are drawn based on Eq. 13, which does not
include the effect of forces related to the dynamic contact
angle.
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formulation. As a result of the matching between the pro-
posed model and the measured experimental data, they con-
cluded that the force related to the dynamic contact angle
does not play a significant role in determining the volume
and mass of the detached liquid element.14

In the following section, we couple the model developed
in this section with various fracture capillary pressure mod-
els to study the block-to-block interaction in fractured porous
media.

Fracture Capillary Pressure Models

It is believed that there exists some degree of block-to-
block interaction that may lead to capillary continuity in nat-
urally fractured reservoirs; therefore, capillary pressure in
the fracture may play a major role in the establishment of
capillary continuity between matrix blocks. In the previous
section, we developed a relationship for the length of liquid
element at the onset of detachment. The developed model is
primarily based on a capillary pressure for a pendant droplet
from a horizontal surface (bottom of the upper matrix
block), not for a fracture with a particular aperture.

The intention of this section is to relate the developed
onset length of the liquid element to the capillary pressure
inside two parallel plates with a particular aperture. Obvi-
ously, if the length of the detached liquid element is larger
than the fracture aperture, a liquid bridge may be estab-
lished. On the other hand, if the length of the element is
smaller than the fracture aperture, a liquid bridge does not
form. Therefore, the thickness (aperture) of the horizontal
fracture determines the possibility of the existence of liquid
bridges. Stable liquid bridges may have a major role in
establishing the paths for the bulk flow of drained oil
through the horizontal fracture.

The fracture capillary pressure is often used as a matching
parameter, when considering the effect of horizontal fracture
on the flow rate and recovery of oil from the stack of blocks.
In a continuum scale, a fracture is a part of the stack of
blocks where there is a pressure difference between the gas
and oil phases inside the fracture. However, the physics of
this capillary pressure and how it affects the gravity drainage
mechanism need to be addressed.

Zero fracture capillary pressure (pcf ¼ 0) has been widely
hypothesized in the numerical simulation of fractured reser-
voirs, but it does not have a sound basis.4 A modified Lap-
lace equation has also been used to relate the capillary pres-
sure in a fracture to the fracture aperture, that is, pcf ¼
2rcosh/b13,32; however, this equation was originally derived
for the case of the flow parallel to the fracture surface, not
perpendicular to it.33 Horie et al. are among those who used
this relation for the determination of the fracture capillary
pressure.4 Firoozabadi and Hauge showed that, due to the
fracture roughness, the fracture capillary pressure is neither
zero nor a constant value, but it is a function of the oil satu-
ration in the fracture.5

Previous studies of the fracture capillary pressure have
been mainly used for the horizontal fracture properties (i.e.,
fracture aperture and type of spacers). Rossen and Shen
argued that pseudo capillary pressure curves for both the po-
rous matrix and the fracture are able to represent the behav-
ior of fractured porous media.34 Quandalle and Sabathier

assumed zero fracture capillary pressure; however, in a test
case, they made it non-zero, to match the experimental and
numerical results.35

Sajjadian et al.13 emphasized that, when the fracture aper-
ture was more than a critical value, the fracture capillary
pressure may be considered zero. When the fracture aperture
is less than the critical value, the fracture capillary pressure
is related to saturation profiles inside the porous matrix
blocks (i.e., the existence of oil continuous path), as well as
the height of the fracture from the gas–oil contact (GOC) in
the neighboring vertical fractures.13

Reitsma and Kueper36 developed a laboratory method to
measure the drainage and imbibition capillary pressure
curves for a single, rough-walled fracture in limestone, using
oil and water as the non-wetting and wetting phases, respec-
tively. The method includes a loading system and a designed
capillary barrier to the non-wetting phase, which has three
important roles in the experiment: (1) to prevent the flow of
the non-wetting phase across the barrier, (2) to allow for
fracture closure, and (3) to provide a good hydraulic connec-
tion of the wetting phase in the fracture with external pres-
sure control.

A vertically mounted burette on a gauge point containing
water was used to measure the volume of wetting fluid
entering and exiting the fracture via the capillary barrier.
The point gauge allowed for accurate measurement of the
capillary pressure, as well as precise adjustment of the wet-
ting phase pressure in the fracture through vertical move-
ment of the burette. To measure the drainage capillary pres-
sure, the burette was lowered incrementally, thereby increas-
ing the fracture capillary pressure. After reaching
equilibrium, the amount of wetting fluid removed from the
fracture, corresponding to each fracture capillary pressure,
was recorded. Using this procedure, they were able to mea-
sure an imbibition capillary pressure curve, starting at any
point on the drainage curve, by incrementally raising the
burette.36

Reitsma and Kueper36 used the models of Brooks and
Corey37 and van Genuchten38 to model experimental results
of the fracture capillary pressure vs. saturation in a drainage
process. The Brooks–Corey model for the application of
interest is given by36,37:

pcf ¼ pd ðSeÞ� 1=k
(26)

where pd is the entry pressure and k is a pore size distribution
index. Se is an effective saturation given by:

Se ¼ Sof � Sorf
1� Sorf

(27)

where Sof is the fracture oil saturation and Sorf is a curve-fitting
parameter intended to represent the irreducible oil saturation in
the fracture.36,37

The van Genuchten38 model for the application of interest
is presented by36,38:

pcf ¼ po ðS� 1=m
e � 1Þ1=n (28)

where m, n, and po are fitting parameters and Se is presented
by:
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Se ¼ Sof � Sorf
Sosf � Sorf

(29)

Sosf is the fracture oil saturation at a capillary pressure equal to
zero. In this application, Sosf is equal to 1 and Eq. 29 reduces to
Eq. 27.36,38

The following equation gives the Mualem’s model for un-
saturated flow39:

n ¼ ð1� mÞ�1: (30)

The measured relationship between capillary pressure and
fluid saturation was found to be well presented by a Brooks–
Corey model.36,37

Dindoruk and Firoozabadi proposed a model of fracture
capillary pressure, as a function of liquid saturation in the
fracture, as given by40:

pcf ¼ p0cf þ rf ln
Sof � Sorf
1� Sorf

� �� �nf
; pcf � p0cf (31)

where nf is a constant and p0cf , rf and Sorf are the fracture
threshold capillary pressure, the coefficient of fracture
capillary pressure curve, and the residual oil saturation in the
fracture space, respectively. This model, assumes that the
fracture capillary pressure curve has a shape similar to that of a
porous medium, but with major differences in its curvature.40

As mentioned by Horie et al.,4 it is reasonable for the
fracture to have a very low irreducible wetting phase satura-
tion of oil, compared with the residual oil saturation in the
porous matrix block. The consequence of assuming a satura-
tion dependent fracture capillary pressure is that the capillary
continuity between a stack of porous matrix blocks may be
expected.4 The parameters p0cf and rf in Eq. 31 are adjustable
parameters to be determined from history matching of
data.40

Interplay of fracture capillary pressure and liquid
bridge formation

In a previous section, a relationship was developed for the
length of the suspended liquid at the onset of detachment.
As mentioned earlier, if the suspended liquid from the upper
surface detached before touching the lower block, a liquid
bridge does not form, and the detached liquid reinfiltrates
into the lower block. However, if the suspended liquid ele-
ment touches the lower surface, a liquid bridge forms, which
may lead to a block-to-block interaction. In this case, once
the extended liquid element touches the top surface of the
lower matrix block, as shown in Figure 6, the fracture capil-
lary pressure can be written by14,41:

pcf � r
1

r0
� 2 cos h

b

� �
; pcf � 0 (32)

where b is the fracture aperture and r0 ¼ d0/2 and is the radius
of the liquid element.

The length of the liquid element at the onset of liquid
bridge formation (when the liquid element touches the lower
surface) is identical to the fracture aperture (lc ¼ b). There-
fore, using Eqs. 25 and 32 and eliminating r0, the critical

length of the liquid element leading to a liquid bridge can be
expressed by:

lc ¼ r
pcf

½1þ ffiffiffiffiffiffiffiffiffiffiffi
B�
oCa

p þ bCa2=3�
B�
o

� 2 cos h

 !
: (33)

As mentioned before, for the application of interest,
ðB�

oCaÞ1=2 þ bCa2=3�1; and, if we assume cosh ¼ 1, Eq. 33
turns into:

lc ¼ r
pcf

1

B�
o

� 2

� �
: (34)

The analysis presented above cannot be directly linked to
reservoir simulation flow models; however, the fracture cap-
illary pressure model used in flow simulations may be a
proper way to relate this developed theory to flow models.
In other words, the proper linkage between theory and the
numerical flow models may be possible by accurate repre-
sentation of the upscaled fracture capillary pressure in these
models.

As mentioned earlier, various capillary pressure models
have been reported in the literature; however, some of these
models do not have a sound theoretical basis, and the related
parameters have been used as matching parameters. For
example, zero capillary pressure in the fractures has been
used, without a clear understanding of how this parameter
affects flow simulation accuracy and with no practical
method for selecting alternate values. In the following sub-
sections, we use commonly used fracture capillary pressure
models that are available in the literature to investigate the
effect of various parameters on liquid bridge formation in
fractured porous media.

Zero fracture capillary pressure (pcf 5 0)

Zero fracture capillary pressure has been widely used in
the simulation of fractured reservoirs. For this particular
case, the capillary pressure in the fracture is independent of
wetting phase saturation; and, Eq. 34 suggests that, when
capillary forces diminish in the fracture (pcf ! r, r!0 or
B�
o ! 1), the critical length of the liquid also goes to zero,

implying that no liquid bridge formation is expected for this
particular case. This also suggests that the common

Figure 6. Formation of a liquid bridge between upper
and lower porous matrix blocks.
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assumption of zero fracture capillary pressure in the simula-
tion of fractured reservoirs may lead to erroneous predic-
tions.

Constant fracture capillary pressure
(pcf 5 2r/b 5 constant)

For this case, substituting for the fracture capillary pres-
sure in Eq. 34, we obtain:

lc
b
¼ 1

2

1

B�
o

� 2

� �
: (35)

The relationship obtained suggests that, if lc/b [ 1, the
length of the liquid element before detachment is larger than
the fracture aperture; and, the formation of a liquid bridge is
expected. On the other hand, if lc/b \ 1, the liquid element
detaches from the upper surface before reaching the lower
block surface; and, consequently, no liquid bridge forms.

Equation 35 shows that the critical threshold Bond number
for the case of constant fracture capillary pressure is 0.25.
Figure 7 shows the regions with and without liquid bridge
formation.

Saturation dependent fracture capillary pressure
[pcf 5 f(Sof)]

The two previous models for capillary pressure in a frac-
ture do not provide information about the wetting phase sat-
uration inside the fracture. It is more practical to relate the
fracture capillary pressure in the fracture to the wetting
phase saturation. Using Eq. 34, the critical length of the liq-
uid element can be calculated. Figures 8–10 show the critical
length of the liquid element at the onset of liquid bridge for-
mation for different fracture oil saturations, based on Din-
doruk and Firoozabadi,40 Brooks–Corey,37 and van Gen-
uchten38 models, respectively. Data used for the Dindoruk

Figure 7. Illustration of the regions with and without
liquid bridge formation for a constant fracture
capillary pressure.

Figure 8. Critical length of the liquid element obtained
based on the Dindoruk and Firoozabadi40

model of the fracture capillary pressure,
using data extracted from the work of Tan
and Firoozabadi.42

Figure 9. Critical length of the liquid element obtained
using the Brooks–Corey37 model, tuned with
the experimental measurement of fracture
capillary pressure by Reitsma and Kueper.36

Figure 10. Critical length of the liquid element obtained
using the van Genuchten38 model, tuned
with the experimental measurement of frac-
ture capillary pressure by Reitsma and
Kueper.36
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and Firoozabadi40 model were extracted from Tan and Firoo-
zabadi42; whereas, for other models, the parameters were
obtained from experimental measurements of fracture capil-
lary pressure by Reitsma and Kueper.36 The parameters of
various fracture capillary pressure models are given in Ta-
ble 1.4,36,42,43

Because the parameters used for the Brooks–Corey37 and
van Genuchten38 models are calculated in such a way that
both models match the same experimental data measured by
Reitsma and Kueper,36 the predictions of these models for
the critical length of the liquid elements are close to each
other. These predictions are different from those obtained by
the Dindoruk and Firoozabadi40 model, since their applied
data were extracted from different sources. However, all
models show the same trend for the critical length of liquid
element vs. the threshold Bond number at various fracture
oil saturations.

The results presented in Figures 8–10 show that, for a
constant fracture oil saturation (or constant fracture capillary
pressure), the critical length of liquid element decreases
when the threshold Bond number increases. This implies a
smaller critical length of the liquid element for a higher den-
sity difference between the wetting and non-wetting phases.
The results also reveal that, for a constant fracture oil satura-
tion and at high threshold Bond numbers, the critical length
of the liquid element tends to zero, implying that a liquid
bridge does not form. On the other hand, as the threshold
Bond number tends to zero, the critical length of the liquid
element approaches high values, suggesting that formation of
a liquid bridge is possible.

Figure 11 shows the critical length of the liquid element
as a function of fracture oil saturation for different capillary
pressure models. A typical constant threshold Bond number
of 0.05, reported by Ghezzehei and Or,14 was used in this
figure. The results show that, when oil saturation in the frac-
ture increases, the critical length of the liquid element also
increases. This is because, when the oil saturation in the
fracture increases, the fracture capillary pressure, pcf,
decreases, leading to a larger critical length for the liquid
element. This is also expected, because the critical length
and thus the critical volume of the liquid elements reflect oil
saturation in the fracture.

Saidi2 argued that a fracture aperture of 50 lm or more is
not sufficient to maintain capillary continuity via liquid
bridges; however, he noted that capillary continuity between

matrix blocks through liquid bridges can be envisioned if the
fracture aperture is about 10 lm or less.

The results presented in Figure 11 show that, as expected,
when oil saturation approaches the residual oil saturation,
the critical length of the liquid element asymptotically goes
to zero. The results also indicate that, when fracture oil satu-
ration is just above the residual oil saturation, the critical
length of the liquid element is above 10 lm, suggesting that
a liquid bridge formation can be expected for fracture aper-
tures below this limit.

The results also reveal that, for the fracture capillary pres-
sure models with threshold capillary height (Dindoruk and
Firoozabadi40 and Brooks–Corey37 models), the critical
length of the liquid element reaches a finite value. On the
other hand, for van Genuchten’s38 model, the critical length
of the liquid element approaches infinity for an oil-saturated
fracture.

The oil recovery process form a single matrix block in a
naturally fractured reservoir may be divided into two periods
of pre- and post-incidence of the capillary-gravity equilib-
rium. Before the capillary-gravity equilibrium is established,
it is expected that the rate of gravity drainage from a stack
of blocks is different for a system with liquid bridges, com-
pared with a system draining oil by dripping. Liquid bridges
can potentially maintain capillary continuity across the stack
of blocks and result in a high liquid transmissibility, leading
to higher gravity drainage rate. It has been shown that this
process can only be sustained to the point of the capillary-
gravity equilibrium of a single matrix block.7

Experimental observations of Firoozabadi and Markeset7

revealed that desaturation beyond the capillary-gravity

Table 1. Data Used in Calculations of the Critical Length of
the Liquid Element

4,36,42,43

Parameter Value

Oil-gas surface tension, r (N/m) 0.01
Fracture threshold capillary pressure, p0cf (Pa) 60.653
Coefficient of fracture capillary

pressure curve, rf (Pa)
15.857

Residual oil saturation in the fracture for the
Dindoruk and Firoozabadi, Brooks-Corey,
van Genuchten models,
respectively, Sorf (fraction)

0, 0.013, 0.039

Entry pressure, pd (Pa) 285.331
Pore size distribution index, k (dimensionless) 2.431
Fitting parameter, p0 (Pa) 393.951
Fitting parameter, m (dimensionless) 0.816

Figure 11. Critical length of the liquid element as a
function of fracture oil saturation for the
Dindoruk and Firoozabadi,40 Brooks–
Corey,37 and van Genuchten38 models of the
fracture capillary pressure at a constant
threshold Bond number of 0.05: the parame-
ters of the Dindoruk and Firoozabadi40

model were extracted from Tan and Firooza-
badi,42 whereas the parameters of the
Brooks–Corey37 and van Genuchten38 mod-
els were based on the experimental meas-
urements of Reitsma and Kueper.36
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equilibrium was achieved, while no liquid bridge existed.7

This extra desaturation has been attributed to the liquid film
flow across contact points (usually simulated by spacers in
experimental works).7 The liquid film flow across contact
points can play an important role in oil recovery beyond the
capillary-gravity equilibrium, as discussed by Dindoruk and
Firoozabadi.8 They studied liquid film flow to find the rela-
tionship between capillary number, fracture-liquid permeabil-
ity, and the shape of the gas–liquid interface. They con-
cluded that the liquid film flow satisfies Darcy’s law for the
same order of capillary numbers in porous media and also
that the liquid bridge interface in a horizontal fracture has a
circular shape for this range of capillary numbers.8

Discussion on the Stability of a Liquid Bridge
Between Matrix Blocks

Since a stable liquid bridge formed in a horizontal fracture
between matrix blocks guarantees capillary continu-
ity,2,4,7,10,13 the stability boundaries of the created liquid
bridge need to be addressed.

The maximum stable length of a vertically suspended liquid
bridge is controlled by the balance between hydrostatic pres-
sure, which increases with distance from the top of the liquid
bridge, and surface tension forces.44–47 According to the
theory proposed by Plateau48 and Rayleigh,49 the maximum
stable limit of liquid bridge length in the absence of gravity is
l ¼ 2pr, when r is radius of the liquid bridge. The plateau sta-
bility limit decreases with an increasing Bond number.48

The dynamic and static stability of a liquid bridge is usu-
ally studied by using volume or pressure control conditions.
Most of these investigations are performed under the micro-
gravity fields between two impermeable solid bodies, such
as parallel disks, spherical plate, and spherical–spherical
bodies.41 In these cases, perturbations may be induced by
differences between contact areas, solid body rotation on an
axially gravitational field and imposing magnetic or electri-
cal fields.41 In naturally fractured reservoirs, perturbations
may be induced by parameters, such as variations in the
feeding flux from the top of the bridge, a pressure variation
in the fracture, fracture surface characteristics, and fracture
geometry and orientation. Here, the complexity of problem
becomes evident, and the choice of some assumptions
appears to be important for solving this difficult problem.

Summary and Conclusions

Understanding and addressing the specific challenges of
fluid flow mechanisms are very important in the prediction
and optimization of oil recovery from naturally fractured res-
ervoirs. It is well known that some degree of block-to-block
interaction exists, which may affect oil recovery from such
reservoirs. This is an important issue that needs to be
addressed in fractured reservoir flow modeling.

One of the important physical mechanisms involved in
block-to-block interaction is the formation and detachment
of liquid bridges. Accurate modeling of the growth and
detachment of traveling liquid bridges, which may cause
capillary continuity between matrix blocks, remains a contro-
versial topic. In this work, we have presented a mechanistic
model that considers the formation, growth, and detachment

of pendant liquid elements, perpendicular to a horizontal
fracture between porous matrix blocks. The mechanistic
model was then coupled with various upscaled fracture capil-
lary pressure models to investigate the formation of liquid
bridges. The effect of various fracture capillary pressure
models on the critical length of the liquid element was con-
sidered. An expression has been obtained that relates the
commonly used fracture capillary pressure to the critical
length of the liquid element.

A customary assumption in the simulation of naturally
fractured reservoirs is zero capillary pressure in the fracture.
It was shown that, for zero fracture capillary pressure, liquid
bridges between matrix blocks do not form. It was also
shown that, when the fracture capillary pressure is a constant
value and the threshold Bond number is smaller than 0.25, a
liquid bridge is formed that may lead to capillary continuity.
For a saturation dependant fracture capillary pressure model,
we found that the formation of a liquid bridge is possible for
a threshold Bond number of less than 0.5.

It was also shown that, at constant fracture oil saturation
(or constant fracture capillary pressure), the critical length of
the liquid element decreases when the threshold Bond num-
ber increases. This implies a smaller critical length of the
liquid element for a higher density difference between the
two phases. The results also showed that, at constant fracture
oil saturation and high threshold Bond numbers, the critical
length of the liquid element tends to zero, implying that a
liquid bridge does not form. Conversely, as the threshold
Bond number tends to zero, the critical length of the liquid
element approaches large values, suggesting that formation
of a liquid bridge is possible.

We found that, at a constant threshold Bond number of
0.05, as the wetting phase saturation in the fracture goes im-
mediately above the residual oil saturation, the critical length
of the liquid element is above 10 lm, suggesting that a liquid
bridge can form for an aperture below this critical value. The
results also demonstrated that as the wetting phase saturation
approaches one, a fracture capillary pressure model with
threshold height results in a finite value for the critical length
of the liquid element. On the other hand, a fracture capillary
pressure model asymptotically approaching zero capillary
pressure, as the fracture wetting phase saturation tends to
one, leads to an infinite critical length for the liquid element.

The results show that the threshold Bond number is an im-
portant parameter in the formation of liquid bridges. The
critical fracture aperture that results in capillary continuity is
a strong function of the threshold Bond number. The critical
fracture aperture for the formation of liquid bridges can be
different in orders of magnitude, depending on the prevailing
threshold Bond number. At very low Bond numbers, the crit-
ical fracture aperture can be as high as a couple of milli-
meters; whereas, at high Bond numbers, it can be in the
order of micrometers. This highlights the importance of the
determination of the threshold Bond number in the investiga-
tion of the effect of block-to-block interaction in naturally
fractured reservoirs.
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Appendix

The force balance equation (Eq. 6) can be written in
dimensionless form as20:

@AD

@tD
� dA1=2

D ¼ � 1

3
sD (A1)

where tD ¼ t/(lA0/qgQ)
1/2, sD ¼ s/(lA0/qgQ)

1/2, AD ¼ A/A0,
and d ¼ (p/9lqgQ)1/2.
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The related initial condition in dimensionless form is
given by:

AD ¼ 1 @ tD ¼ sD: (A2)

The analytical solution for the differential equation given by
Eq. A1, subject to the initial condition (Eq. A2), is given by20:

tD ¼ sD þ 2

d
A
1=2
D � 1þ sD

3d
ln

3dA1=2
D � sD

3d� sD

 !" #
: (A3)

If we set AD ¼ 0, it is possible to obtain the relation
between tD and sD when the cross-sectional area goes to
zero. Using the critical values for tD and sD as tDC and sDC,
respectively, we have20:

tDc ¼ sDc � 2

d
1þ sDc

3d
ln

sDc � 3d
sDc

� �� �
: (A4)

Since Q is constant and the liquid is incompressible when
the cross-sectional area goes to zero, its length approaches
infinity, implying that the rate of movement of a liquid parti-
cle, dsDc/dtDc approaches infinity. In other words, dtDc/
dsDc!0. This condition results in the following implicit rela-
tion between sDc and d:

sDc ¼ 2

d
sDc
3d

ln
sDc � 3d

sDc

� �
þ sDc
sDc � 3d

� �
: (A5)
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